We consider a free particle, V (r) = 0, with a position-dependent mass m(r) = 1/(1 + ς 2 r 2 ) 2 in the d-dimensional Schrödinger equation. The effective potential turns out to be a generalized Pöschl-Teller potential that admits exact solution.
Introduction
Quantum mechanical particles endowed with position -dependent mass (PDM), M (r), have attracted attention and inspired intense research activities over the years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] They form interesting and useful models for many physical problems. They are used, for example, in the energy density many-body problem [2] , in the determination of the electronic properties of the semiconductors [3] and quantum dots [4] , in quantum liquids [5] , in the 3 He clusters [6] and metal clusters [7] , in the Bohmian approach to quantum theory [8] , full/partial Gaussian wave-packet revival inside an infinite potential [9] , etc.
In addition to its practical applicability side, conceptual problems of delicate nature erupt in the study of quantum mechanical systems with positiondependent mass (e.g., momentum operator does not commute with m (r), uniqueness of kinetic energy operator, etc.). Comprehensive discussion on such issues could be found in, e.g., [8, 10 , and related references therein].
On the other hand, the exact solvability of the d-dimensional Schrödinger equation may very well form the major ingredient for methods that are based on a Liouvillean-type change of variables (cf., e.g., [17] [18] [19] ) such as the point canonical transformation (PCT) method (cf., e.g., [13, 14] ). Where, in such methodologies, the exact solution of the so-called reference Schrödinger equation (eigenvalues and eigenfunctions) is mapped into an exact solution (eigenvalues and eigenfunctions) of the so-called target Schrödinger equation (cf, e.g. [1, 14] ).
In a recent study, we have introduced a d-dimensional regularization of the PCT-method for some PDM-quantum mechanical particles [1] . Therein, interdimensional degeneracies associated with the isomorphism between the angular momentum quantum number ℓ and dimensionality d are incorporated through the central repulsive/attractive core
of the spherically symmetric Schrödinger equation (cf, e.g., [20] , Gang in [10] and Quesne in [10] for more details).
In this work, we study "free" particles, V (r) = 0, trapped in their own position-dependent mass barriers (hence, labeled as quasi-free particles), where inter-dimensional degeneracies remain intact in the d-dimensional radial Schrödinger equation (in atomic units = m • = 1, the position-dependent mass M (r) = m • m (r) , and with α = γ = 0 and β = −1 in Eq.(1.1) of Tanaka in [10] .)
Where n r = 0, 1, 2, · · · is the radial quantum number, and m ′ (r) = dm (r) /dr. Moreover, the d = 1 can be obtained through ℓ d = −1 and ℓ d = 0 for even and odd parity, P = (−1) ℓ d +1 , respectively (cf, e.g., Mustafa and Znojil in [20] ).
Nevertheless, the inter-dimensional degeneracies associated with the isomorphism between angular momentum ℓ and dimensionality d builds up the ladder of excited states for any given n r and nonzero ℓ from the ℓ = 0 result, with that n r , by the transcription
for even d, and
for odd d. For more details on inter-dimensional degeneracies the reader may refer to a sample of references in [20] .
With the PCT-method in point (cf, e.g., [1] ), a substitution of the form R (r) = g (r) φ (q (r)) in (1) would result in g (r)
2 q ′ (r) = m (r), manifested by the requirement of a vanishing coefficient of the first-order derivative of φ (q (r)) ( hence a one-dimensional form of Schrödinger equation is achieved), and q ′ (r) 2 = m (r) to avoid position-dependent energies-multiplicity (i.e., 2E m (r) /q ′ (r) 2 =⇒ 2E). Hence,
This in effect implies
with an effective potentials
where
2 Consequences of an asymptotically vanishing mass settings as r −→ ∞ A "free" particle with an asymptotically vanishing position-dependent mass m(r) = 1/(1 + ς 2 r 2 ) 2 would experience an effective potential
and
In such settings, Eq. (5) reads
Equation (11) is obviously a standard one-dimensional form of Schrödinger equation with a generalized Pöschl-Teller effective potential which admits exact solution of the form (14) with κ, λ > 1, φ nr,ℓ d (0) = 0 and φ nr ,ℓ d π 2ς
= 0, as reported by Salem and Montemayor (see Eq.(4.7) in [21] ). This in turn would lead to
2 F 1 (−n r , c + ∆ 2 + n r , c; ρ
where ρ = ςr, and c = l d + 3 2 . However, for κ = 0, 1 (a requirement suggested by relation (12) when ℓ d = 0, −1) the effective potential in (11) collapses into
Which admits an exact solution
and consequently
where λ = (1 + ∆) /2.
Concluding Remarks
In this letter, we considered a quasi-free particle with an asymptotically vanishing position-dependent mass m(r) = 1/(1+ς 2 r 2 ) 2 and radial potential V (r) = 0 (i.e., "free" particle in this sense). We have shown that under these settings the particle experiences an effective potential of the form of a Pöschl-Teller, Eq.(8). The exact solution of which is mapped to match the attendant settings of our quasi-free particle with the above mentioned position-dependent mass.
